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ON PROBABILISTIC ASPECTS OF CHEBYSHEV 
POLYNOMIALS 

PAWEL J. SZABLOWSKI 


Abstract. We expand some, mostly nonnegative rational functions of one 
or two variables in the series of Chebyshev polynomials. If such a series is 
multiplied by the density that makes Chebyshev polynomials orthogonal then 
we obtain Fourier series expansion of certain probabilistic density in the case of 
rational function of one variable or Lancaster expansion in the case of function 
of two variables. We study also the general case of rational function of order 
n depending (symmetrically) on n parameters and find (at least theoretical) 
expansion. 


1. Introduction 

The purpose of this note is to recall known and establish new, simple, expansions 
of some rational functions of one and two variables in the series of Chebyshev 
polynomials. If such series is multiplied by the density that makes Chebyshev 
polynomials orthogonal then we would get orthogonal series converging in mean 
square as well as in almost everywhere sense. Specifically preferred would be those 
rational functions that would be nonnegative on the segment [—1,1] in the case of 
functions of one variable or on the square [—1,1] x [—1,1] in the case of bivariate 
functions. This would lead to new probability densities on compact sets. 

To fix notation we will denote by {L'n(a;)}„>g Chebyshev polynomials of the 
first kind while will denote Chebyshev polynomials of the second kind. 

Recall that these two families satisfy the same 3-term recurrence 

( 1 . 1 ) Tn+l{x) = 2xTn{x) - Tn-lix), 

with different initial conditions. Namely Uq{x) = Tq(x) = 1, Ti(x) = x and Ui{x) 
= 2x. Recall also that polynomials r„ are orthogonal with respect to the density 
fc{x) = l/(7r-\/l — while polynomials are orthogonal with respect to 

the density fwix) = l-Vl — x"^ called semicircle or Wigner distribution. 

In the sequel we will use exchangeably a„ and (ai,..., a„)^. 

In particular we will analyze the properties of distributions with the following 
densities: 

71 

(1-2) /„T(x|a„) = R„(a„)/c(a:) ipj.{x\ai). 

i=i 

Here (frp denotes the generating function of polynomials T„, i.e. (/?y(x|a) = 
defined for |a| < I and is suitable constant. Obviously Bi = 1. We will assume 

Date: August 2015. 

2010 Mathematics Subject Classification. Primary 41A10,41A50; Secondary 42A16, 62H86. 
Key words and phrases. Chebyshev polynomials, bivariate expansions, families of conditional 
densities, symmetric rational functions, symmetric polynomials. 

1 





2 


PAWEL J. SZABLOWSKI 


that \ai\ < 1, i = 1,... ,n. It is well known that 

(1.3) (prp{x\a) = {1 — ax)/{l + — 2ax). 

It is easy to notice that is positive for all |a|, |x| < 1. Specially interesting will 
be cases with even n and parameters ai forming conjugate pairs. 

Let us recall that the similar to the density dO]) case involving Chebyshev 
polynomials of the second kind was analyzed in [5]. 

The paper is organized as follows. In the next section we recall some known 
and obtain some new expansions of rational functions of one and two variables in 
the series of Chebyshev polynomials. This is done for the sake of completeness of 
the paper. The Section |3] contains our main results concerning expansion of the 
density (HU in the Fourier series of Chebyshev polynomials of the first kind as 
well as particular cases for n = 2, 3, 4 including cases with parameters ai forming 
conjugate pairs. Finally longer proofs are shifted to the last Sectional 


2. Auxiliary results 


Let us denote for simplicity: 

w{x, y\p) = (I - p^ f - 4:xyp{l + p^) + + y"^) 

and let us recall the so called Poisson-Mehler expansion formula presented and 
proved in e.g. m, m, i considered for q = 0 gives: 


( 2 . 1 ) 


df I- p^ 

gu{x,y\p) = 


w{x,y\p) 


= J2f^U,{xmy), 


j>0 


convergent everywhere for |a:| ,\y\ <1 \p\ < 1 since max| 2 ,|<i \Un{x)\ = (n + 1) and 
the series X]j>o P’Xj + 1)^ is convergent. 

Proposition 1. V|a:|,|j/| < l,|p| < 1 : 

! I ^ d/ l-p2-a;yp(3 + p2) + 2p2(a;2_^y2) ^ ^ ^ ^ ^ n 

2.2 gT{x,y\p) =- - ---= ^p’Tj{x)Tj{y) > 0 , 

w(x,y\p) p' 


(2.3) 

(2.4) 

(2.5) 

( 2 . 6 ) 


df {1-p^)-2pxy + 2p^y^ ^ ^ 

9UT[x,y\p) = - - --- = ^p>Uj{x)Tj{y), 

wix,y\p) 


2p^{x- py) 


wix,y\p) 

{y - px){l + p"^ - 2pxy) 


= '^p>Uj+i{x)Uj{y), 


j=o 

2 \ OO 


w{x,y,p) 
4a:^ — 1 — p 


(l-p)((l + p)2-4pa;2) 


0=0 

OO 

= '^p‘Uj{x)U^+2{x) 
0=0 


(2.7) = x'^ p”Un+i{x)Un{y) + yJ2 P'^^ri+iivWnix) > 0. 


convergent almost everywhere for |a;|,|y| <1 |p|<l. 

Proof. Is shifted to Section |4] □ 









CHEBYSHEV POLYNOMIALS 


3 


As a corollary we get the following fact: 


Corollary 1. V|/9| < 1, |a:| < 1 : 


( 2 . 8 ) 

(2.9) 

( 2 . 10 ) 
( 2 . 11 ) 


1=0 
OO 

1=0 


1 + — 2x‘^p^ 


> 0 , 


(1 + - 2xp)(l + p^ + 2xp) 

_ xp{l- P^) _ 

(1 + p2 - 2a;p)(l + p^ + 2xp) ’ 


^ pW (x)T (x) - _ (1 + - 2pa:") _ 

^ ^ ^ ^ ^ ^ ^ - (1 - p)((l + pf - Apx^) - 

'^P^^Tij{x) = 


1 — p'^ + 2p‘^x‘^{\ — x^) 


l>o 


((1 + p2)2 — 2p^x^)((l — pi^Y + Ap^xY 


> 0 


Proof. (12.81) and (12.91) First we take a: = p in (ESI), secondly we use the formula 
T 2 n{x) = 2T^{x) — 1 and change p to p^. (12.101) We put p = a; in (12.3F □ 


3. Densities 


Theorem 1. ForWri > 1 and parameters a„ mutually different we get 

1 1 "■ 

Bn{an) = 1/(— + — bn,k), 

fc=i 

where we denoted 6„,fe(a„) = n"=ij 5 ^fe 7(a,&) = 2.0 - b - a%. 

Besides we have an expansion: 

1 °° 

/nT(a„) = fc{x) + BYan)fc{x)^^^Tj{x)tj{an), 

1=1 

with tj{a„) = YJk=i bn.kai- 

Proof. Is shifted to Section HI □ 


To describe briefly constants i?„(a„) let us define the following symmetric func- 


tions: 



(3.1) 

sl”A») 

m 

= E n 

0 <ll<l 2 <. .,<lfc<« rn=l 

(3.2) 


— „ln-l„m-(ll+...+ln-l) 

— 2_^ O]^ O 2 ...0„_j0„ , 

(3.3) 

Pfi (^n ) 

= n (1 “ “*“i)- 


l<2<j'<n 

As a corollary we have: 


Corollary 2. Using Mathematica we obtain: B 2 {ai,a 2 ) 


113(01,02, O3) 


4P3(ai.a2,a3) 

P2(a3)+3 — 52 ( 33 ) ’ 


2 ( 1 — 0102 ) 

(2—0102) 


B^ai) = 


_8P4(a4)_ 

P4(a4) + 7-3S2(a4)+S3(a4)(Si(a4)-S3(a4))-S4(a4)(4-2S2(a4)+3S4(a4)) 


2 P 2 ( 01 , 02 ) 
P 2 (oi, 02 ) + l ’ 


Let us start with n = 2. We have the following observation: 
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Corollary 3. Density / 2 T(a:|ai, 02 ) has the expansion: 

1 00 k k \ k 

(3.4) f 2 T{x\ai,a 2 ) = fc{.x) + B 2 fc{.x)-'^Tk{x)(^a{al~^ + -p- —), 

where B 2 = . 

Proof. Following assertions of Theorem [T] all one has to calculate are coefficients 
tj{ai,a 2 ). Recall that: 


tj ( 01 , 02 ) = 


(2ai — 02 — afa2)a{ (2a2 — oi — afai)c 


j ' (-^2 - ai)(l - 0102) ' 

Following this we have: 

2(a{~''^ — aif^^) — ai02(a{~^ — — aia2(a'j~'’^ — o^^^) 


tj ( 01 , 02 ) — 


(oi - a2)(l - 0102 ) 


j j 2 

(2 — 0102 ) ^ j-k k 0,102 ^ 1 - 2 -fc k 

1-0102 ^ l-aioaf-' ^ 

fe=0 fc=0 


= E 


o{ ^02 + 


1 


i-2 


fc =0 


1 — 0102 


(E“i 


■1 — k k-\-l\ 






^ -U 

I °1 + °2 

Lio ”r -I 

^ n 1-0102 


□ 


3.1. Complex parameters. In this subsection we will consider complex param¬ 
eters Oi, i = 1,..., n but assume that n is even and parameters Oi form conjugate 
pairs. To fix notation let us assume that first two parameters form first conjugate 
pair, the third and forth the second conjugate pair and so on. Let us denote 

fn(x\Pi, yi, P 2 , 1 / 2 ; . . . ; Pn^ Vn) — f 2 nT(x\& 2 n)j 

where we denoted oi = p^ exp(i0i), 02 = Pi exp(—i0i),..., 02 n-i = Pn exp(i^r!,)) 02 Tt 
= exp(-i0„)) and 9i = yi, i = 1,... ,n. 

Notice that for the pair o = pexp(id), b = pexp(—id) we have (1-I-o^ — 2oa;)(l-I- 
6^ — 2bx) = w(x, y\p) and (1 — oa:)(l — bx) = 1 — 2pxy + p^x^, where as before y = 
cos 6. 

Corollary 4. f 2 (x\p,y) = fc(x) ^ ^ ollows the following expansion: 

(3.5) 

/ 2 (a;|p, y) = fc(x) + \-^fc(x) ^ pPTj(x)Uj(y) + —^fc(x) ^ p>Tj(x)Tj(y). 
^ P 3>i ^ P 3>1 

Proof. We use (13.41) . Next we observe: X]j=o '^j=o exp(—i(A:— 

m =p'=exp(-iA:d)EEe^P(2*J^) = P'^ = 

p^Uk(y). Secondly we have: o\ + 02 = 2p^ cos kO = 2p^Tk('y) and finally; 0102 = 
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Corollary 5 . i) f2{x\p,y)fc{y)dy = fc{x) + k^fc{x)Y,j>iP^^T2j{x) = 

f (^\ 2(l+p^-a:^p^(3-p^)) 

JCKX) (2_p2)((l+p2)2_4p22,2) ■ 

f ill f2(xlp, y)\/l - y^dy = fc{x){l - 

Proof, i) The first formula comes straightforwardly from (13.51) . The second one 
comes from application of i 


ii) We utilize the fact that 'in> 2 -.^ C^n(y)\/l — y^dy = 0 and Tn(y)dy 

= 0 while f Ui(y)y^l - y^dy = 0 and | Ti(y)y^l - y'^dy = □ 


Remark 1 . Notice that f2{x\y,p) as well as the densities exposed in Corollary 
are conditional densities. Hence in particular for every |y| < 1 and \p\ < 1 we get 

1 f2{.x\y,p)dx = 1 or for every \p\ < 1 we get fc{x) (2-pt)’((7+p^)^^-4p^x^) = 

1 or fc{x){l — 2^^p2 )dx = 1. Besides shapes 0//2 for different y and p are very 
versatile. For example we have plots of f2ix\y,p) for \x\ < 1 for different values of 
y and p 


f- 


Here red plot is for y = .5, p = .5, blue for y = —1/5, p = 4/5, green for y = 1/4, p 
= 3/4. One can notice that for some values of y and p the plot has one maximum 
at some x € (— 1 , 1 ). 

Further as n > 2 is concerned we have: 

Proposition 2. Let n = 4. For ai = piexp{i9i), 02 = Pi exp(—i0i), 03 = 
P 2 exp(td 2 ), 04 = p 2 6 xp(— 1 ^ 2 ) we get 

= 54(1/1, P 4 ,?/ 2 ,P 2 ) 

^_ 8(1 - pD (1 - pl)w{yi,y2,PiP2) _ 

a(PnP 2 ) + 4(/3i(Pi,P2)2/i +/32(Pi>P 2)2/|) “ 47(Pi,P 2 )yiy 2 
where yi = cos( 6 »i), j /2 = cos( 6 i 2 ), o(Pi,P 2 ) = (1 “ PiP 2)(4 + (4 - p?pi)(l - p?)(l - 
pD)^ /3i(P 1:P2) =PlP 2 (l-P 2 )( 2 -pf), P2{PliP2) =PlP 2 (l-Pl)( 2 -pi), 7(Pl,P2) 
= PiP 2((2 + pIpIKI - pI){1 - pI) + 2(1 - pIpD). 
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Consequently 


f4{x\yi,Pi,y2,P2) = Bi{yi,Pi,y2,P2) 


(1 - 2p^xyi + pIx^) (1 - 2p^xy2 + pjx^) 

w{x,yi\Pi) w{x,y 2 \p 2 ) 


is a conditional density i.e. V|j/i|, \y 2 \ < 1, \Pi\, \P 2 \ < 1 



f4(.x\yi,p^,y2,P2)dx = 1 . 


Proof. WehaveP4(a4) = (1—pf )(1—x (l~PiP 2 6xp(i(6>i—02))(1—P 1 P 2 6xp(—i(0i — 
6»2))x (I-P1P2 exp(i(6»i+6»2))(l-PiP2 exp(-i(6»i+6»2)) = (l-p?)(l-pi)x (l+p?pi- 
2 piP 2 cos( 6 »i - 6 » 2 )) X (1 + pIp^ - 2 piP 2 cos( 6 »i + 82 )) = (1 - p\){l - pi)((l + plplf 
- 4 yij/ 2 PiP 2 (l + P 1 P 2 ) + 2p?pi(2y? - 1 + 2?/| - 1)), since cos( 6 »i - 62 ) cos( 6 »i + 62 ) 

= (cos( 20 i) + cos( 202 ))/ 2 , cos( 20 i) = T 2 {yi) = 2 y\ - 1 , cos( 0 i - 62 ) + cos( 0 i + 62 ) 

= 2 yiy 2 . Consequently P 4 (a 4 ) = (1 - pf)(l - pi)u'(2/i, 2/2, ^ 1 ^ 2 )- 

S' 4 (a 4 ) = pIpI, 5 ' 3 (a 4 ) = pfp 2 exp(/ 02 )+p?P 2 exp(-* 6 » 2 )+pipi exp(* 6 »i)+p|pi exp(-j 0 i) 
= 2 pfp 22/2 + 2 pipi 2 /i, 

5 ' 2 (a 4 ) = pI+ pI+ PiP 2 (exp(i( 6 'i + 62 ) + exp(-i( 0 i + 62 ) + exp(i( 0 i - 62 )) 

+ exp(*(0i - ^ 2 ))) = Pi + P 2 + PiP 2 ( 2 cos( 0 i + 62 ) + 2cos(0i - 62 )) = Pi + P 2 
+ 4 pip 9 PiW 2 , 5 'i(a 4 ) = 2p,pi + 2 pnW 2 . Now we use Corollary [5] and get P 4 (a 4 ) + 

7 - 352(a4) + 53(a4)(5i(a4) - 53(a4)) - 54(a4)(4 - 252(a4) + 354(a4))) = (1 - 
Pi)(l - P 2 )w{yi,y 2 -, P1P2) + 7- 3(p^ + pi + dp^P 2 ym) + 2p^p2{piy2 + P22/i)(2(pi2/i 
+ P22/2) - P? + pi + 4piP2yi2/2) - pipi(4 - 2(pi + pi + 4piP2yi2/2) + Sp^pi). □ 


Remark 2 . As one can check with a help of Mathematica this time for some values 
0 / 2 / 1 , 2/2, Pi, P 2 ide plot of fi has two maxima for some two values of x € (—1,1). 


4. Proofs 

Proof of the Proposition\^ First let us show (12.3p . We will use (12.11) and Tn{x) = 
Un{x) — xUn-i{x). We have: 

00 00 

gTu{x,y\p) = '^p>Uj{x)Tj{y) = lp^p>Uj{x){Uj{y)-yUj-i{y)) 

1=0 1=1 

00 00 

= 1 + ^ fAU,{x)U,{y) - yY,f^U,{x)U,.,iy) = 

1=1 1=1 


1 -p^ 

w{x,y\p) 

1 -p^ 

w{x,y\p) 

1 -p^ 

w{x,y\p) 


-yp'^P^Uj+i{x)Uj{y) = 


1=0 

00 


-yp^P^{‘^xUj{x) - Uj-i{x))Uj{y) = 


1=0 


- 2.xyp- 


l-p 2 


'^{x,y\p) 


+ yp'^p‘Uj-i{x)Uj{y) 
1=1 


and further 
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and finally 


{I- p'^){l-2xyp) 
w{x,y\p) 

(1 - p^){l - 2xyp) 
w{x,y\p) 

(1 - p^){l - 2xyp) 


+ yP^ p’Uj{x)Uj+i{y) = 


3=0 


+ yp'^^p’Uj{x){2yUj{y) - Uj-i{y)) 


3=0 


p - ^xyp) , „ 2 2 1 “ P 2Sr^ jrr 3 \TJ t \ 

—n;-+ 2?/ p —ni-yp 2^p^Uj{x)Uj-i{y) 

w{x,y\p) w{x,y\p) 


Hence we have an equation: 

1-P^ p'^)i^-‘^xyp + 2y^p^) 

w{x,y\p) w{x,y\p) 


yp^B, 


where we denoted B — B{x,y\p) = P^Uj{x)Uj-i{y). So 


B{x,y\p) 


2p{x - py) 
w{x,y\p) 


and consequently 
gTu{x,y\p) 


(1 - P^) _ 2p(a: - py) 

w{x,y\p) ^ w{x,y\p) 


(1 - p^) - 2pxy + 2p^y'^ 
w{x,y\p) 


Hence we have shown (1^ and (1^ . Using , well known relationship that T^ix) 
= {Un{x) — Un- 2 {x))/ 2 , Ti > 1 wB have 


(4.1) gT{x,y\p) = 1 + ^ ^p”(U„(a;) - Un-2[x)){Un{y) - Un-2{y)) 

n>l 

(4.2) 

= ^ + \9u{x, y\p) + p^gu{x, y|p)/4 P^{Un{x)U„- 2 {y) + Un- 2 {x)U„{y)). 

n>l 


Now we use formula Un+i(x) = 2xUn(x) — Un-i{x) getting: 

(4-3) grix, y\p) = \ u{x, y\p) - {x, y\p), 

where A{x,y\p) = xY,n>o P^Bn+i{x)Un{y) + yYZ>o P^Uri+i{y)Uu{x). We calcu¬ 
late A{x,y\p) using (12.31) getting 

A{x, y\p) = xB{x, y\p)/p + yB{y, x\p)/p = 

w{x,y\p} 

Inserting in (14.31) we get (12.21) . Thus we have shown (12.21) and (j2.7|) . Now to show 
(12.51) we have denoting A{x, y) = P'^^j (2^)^i-i-i(p) ■ 

OO OO 

A{x,y) = 2y'^p’Tj{x)Tj{y)-'^p’Tj{x)Tj_i{y) 

3=0 3=0 

OO 

= ‘^y'^p’Tj{x)Tj{y) - y - pA{y,x), 

3=0 
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since T-i{y) = y. Now iterating we obtain equation: 

OO 

{I- p^)A{x,y) = {y - px){2'^ p^Tj{x)Tj{y) - 1 ). 

j=0 

Now we use ( 1 ^ . Finally to get (12.61) we put y = x in equation (14.1114.21) . 


□ 


Proof of the Theorem\^ First we will prove expansion 
(4.4) 


n 


(1 - QjX) 


- ^ /t IL 

=^+n 


0- - ol)l(,ak,aj) 


7=1 (1 + 2 " 2 " ^ “ akaj){\ + - 2akx)' 

Proof is by induction start with n = 2 and decomposition of 

(1 — aia;)(l — a 2 x) 1 

{1 + a1 — 2aix){l + 02 — 2a2x) 4 


(1 - af)7(ai,a2) 


(1 - a2)7(a2,ai) 


4(ai — a 2 )(l — aia 2 )(l + of — 2aix) 4(a2 — ai)(l — aia 2 )(l + o^ — 2a2x) ’ 

which we get by direct calculation. Now let us assume that (14.41) is true for n = m. 
Hence 

(4.5) 

(4.6) 


m+1 

n 


(1 - ajx) 

“ ^Oja;) 


1 


1 


^ ~b ^m +1 2 

Secondly notice that 


(717+717 z n 


(1 - a])l{ak,aj) 


^ “ afeaj)(l + a2 - 2afca;)' 


(1 ®m+l) 


1 “h 2tty7T,-^i;C 2 2(1 “h 2fl77j_|-ix) 

We use this expansion in (14.51) and get 


m+1 

n 

i=i 


+ 


(1 - ajx) 


1 


1 


(1 + o^ - 2ajx) 2 '"+! 2 "*+! 


z n 

fc=ij=ij/fc 

(1 - O^+i) 


(1 - a?)7(a/c,aj) 


(o/c - Oj+l - afeaj)(l + - 2afca;) 


2 ’"+i(l + a^+i-2a^+ia:) 


z n 


(1 - a^)7(afc,«i) 


(l-o^+i) 


“ a/cai)(l + Ofe - Sofex) 2(1 + o^+i - 2am+ix)' 


Now we use expansion: 


1 


{1 + af — 2 oia:)(l + 02 — 2 a 2 x) 


Oi 


02 


(oi — 02)(1 — 0 i 02 )(l + of — 2 oia:) (02 — oi)(l — 0 i 02 )(l + of — 2 oia:) 
applied to (ai,am+i)) • ■ • > (omjOm+i)- The next observation is the following: 


1 + 


afc(l-a^+i) 


Qm+l) 


{^k ^m+l)(l ^fc^m+l) ^m+l)(l ^fc^m+l) 
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Hence the sums of coefficients by 1/(1 + — 2akx) are as the should. 

Having proved expansion (14.41) we recall (EB hence we have the following ex¬ 
pansion: 

^ ^ oo n 

fnT{x\a.n) = B„(a„)/c(a:)(— + 7p^^Uj{x)^hn,kai). 


3=0 


k^l 


where we denoted bn k = lli-i ■i=ik 7 -Now recall that 


U:j{x)fc{,x)dx = 


0 if j is odd 
1 if j is even 


Hence we have relationship 1 = i?„(a„)(l/2" + {'^bn.k/{^ — a^))/2”). 

To get the second assertion we use expansion (14.51) and identity (14.71) . We get 
then: 

fnT{x\an) = i?„(a„)/c(a:)(— + ^ ^ bn,k /, ^ 2 _ 


k=l 


{1 + al- 2akx) 


Bnian)fc{x){^^ + 2 n-l E 3 ' 


11 1 
Bn{^n)fc{x){— “ ^ X/ olTT X/ 


1 - akX 

k-n—. —5—;;- -) = 


fe=i 


2 " (1 + - 2 afca:) 


Bn{^n)fc{x){ 9ri X] On-l X/i ~2 o _ ^^)■ 


fc=l 


2 n 1 _ 2 a^a,)' 


Further recalling expansion we get 


/„T(x|a„) = S„(a„)/c(a:)(-^ - , J + " /c(3:) ^ &„,fc ^ ai7/(a:) 

fe=l j=0 

= (H„(a„)/2”-i - l)/c(a;) + fc{x) " ^ /c(3:) X! 


A:=l 




A;=l 


= (B„(a„)/2” ^ - l)/c(a:) + /c(a:)H„(a„)( ^ ^ 


^H„(a„) 2 " 


+ %r 5 ^/c'(a;) XI X + ^nn-i^ fcix) X X 




j=l fc=l 

Finally we recall definition of 




A:=l 


□ 


References 

[ 1 ] Bressoud, D. M. A simple proof of Mehler’s formula for $q$-Hermite polynomials. Indiana 
Univ. Math. J. 29 (1980), no. 4, 577-580. MR0578207 (81f:33009) 

[2] Ismail, Mourad E. H. Classical and quantum orthogonal polynomials in one variable. With two 
chapters by Walter Van Assche. With a foreword by Richard A. Askey. Encyclopedia of Math¬ 
ematics and its Applications, 98. Cambridge University Press, Cambridge, 2005. xviii+706 
pp. ISBN: 978-0-521-78201-2; 0-521-78201-5 MR2191786 (20071:33001) 

[3] Pawel J Szablowski, Askey-Wilson integral and its generalizations. Advances in Difference 
Equations 2014, 2014:316 




















10 


PAWEL J. SZABLOWSKI 


[4] Szablowski, Pawel J. On affinity relating two positive measures and the connection coefficients 
between polynomials orthogonalized by these measures. Appl. Math. Comput. 219 (2013), no. 
12, 6768-6776. MR3027843 

[5] Szablowski, Pawei. J, On generalized Kesten-McKay distributions, submitted, 

http://arxiv.org/abs/1507.03191 

[6] Szablowski, Pawei J. Around Poisson-Mehler summation formula, submitted, 

http: //arxiv.org/abs/1108.3024 

Department of Mathematics and Information Sciences,, Warsaw University of Tech¬ 
nology, UL Koszykowa 75, 00-662 Warsaw, Poland 
E-mail address: pawei.szablowskiOgmail.com 


